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Introduction
The aim of this paper is to explore the method of lower and upper solutions in order to give some existence of solutions for equations of the form and proved its non-negativity and established the method of lower and upper solutions for (.), (.).
Definition . ([])
The function α ∈ C  [, ] is said to be a lower solution 
Of course the natural question is what would happen if (H) is replaced with the condition
Roughly speaking, for some kind of second order boundary value problems, it is well known that the existence of a lower solution α and an upper solution β, which are well ordered, that is, α ≤ β, implies the existence of a solution between them (see [] ). However, the use of lower and upper solutions in boundary value problems of the fourth order, even for the simple boundary conditions (.), is heavily dependent on the positiveness properties for the corresponding linear operators, see the counterexample in [, Remark .].
It is the purpose of this paper to establish the method of lower and upper solutions for fourth order problem (.), (.) under condition (H). To do that, we study the positiveness properties of the solutions of the nonhomogeneous linear problems The rest of the paper is arranged as follows. In Section , we show that the Green function of (.) possesses the positiveness properties under the condition k  <  < k  < π  .
Finally, in Section , we develop the method of lower and upper solutions for (.), (.) under some monotonic condition on the nonlinearity f , and give some applications of our main results. 
Green function in the case
with the domain
Firstly, we construct the Green function G(x, s) for Ly = . Define a linear operator
The Green function of L  y =  is
Define a linear operator
The Green function of L  y =  is
Obviously,
and the Green function of Ly =  is
which can be explicitly given by
Proof It is an immediate consequence of the facts that for m ∈ (, π),
and for r ∈ (, ∞),
Method of lower and upper solutions
In this section, we will establish the method of lower and upper solutions for (.), (.) in the case k  <  < k  . Denote
Now let v α (x) be the solution of
where w(x) is the unique solution of the nonhomogeneous problem
and it can be explicitly given by
is the unique solution of the nonhomogeneous problem
Let v β (x) be the solution of
Then v β (x) is uniquely determined as
It is easy to see from (.) and the fact
Combining this with (.) and using the fact
From Lemma . and the definitions of v α and v β , it follows that
Now, for a lower solution α of (.), (.), we have the following implications:
and, by a similar way, we obtain β( 
If f : [, ] × R → R is continuous and satisfies
Since F is continuous and bounded on [, ] × R, by Lemma ., there exists a solution y of the problem
We now show that inequality (.) is true. We have
, that is, from Theorem . and (.)
By a similar way,
Therefore, α(x) ≤ y(x) ≤ β(x) for x ∈ [, ], and accordingly, y is a solution of (.), (.). 
